
Polymer Bulletin 10, 256-263 (1963) Polymer Bulletin 
�9 Springer-Verlag 1983 

Viscosity/Elasticity 

Determination of the First and Second Normal Stress Differences 
in the Truncated-Cone-and-Plate Apparatus 
1. M e a s u r e m e n t s  on a P o l y i s o b u t y l e n e / D e c a l i n  So lu t ion  

G. A. Alvarez 1, 2, A. S. Lodge 2 and H.-J. Cantow 1 

1 Institut for Makromolekulare Chemie der Universit~t Freiburg, Hermann-Staudinger-Haus, 
Stefan-Meier-Strasse 31, D-7800 Freiburg i Br., Federal Republic of Germany 

2 Rheology Reserach Center, University of Wisconsin-Madison, 1500 Johnson Drive, Madison, 
WI 53706, USA 

SUMMARY 

The steady state radial pressure distribution in the truncated cone-and-plate (TCP) apparatus has 

been measured for a highly elastic polyisobutylene solution in cis-trans decalln (Mw= 4300kgmoi " l  

Mw/Mn = 2) at eight shear rates from 1 to 270 s - l  and temperatures of 3.0, 20.0, 30.0 and #6.0 ~ 

The slope of pressure, corrected for inertia by the classical formula, versus the logarithm of radius 

provides a combination of normal stress differences NI+2N 2 with a typical experimental scatter of 

1 %  at all measured temperatures and shear rates. The plots of NI+2N 2 versus shear rate can be 

shifted, without loss of accuracy, by means of the t ime-temperature superposition principle, the shift 

factors strictly adhering to a WLF equation. Extrapolated rim pressures, when corrected for elastic 

hole pressure with a theoretical equation, give values of the second normal stress difference with 

typically less than 10 % of experimental scatter. Contrary to previous analyses of the TCP apparatus, 

the center-hole pressure is found to give a useful estimate of the second normal stress difference, 

although there are insufficient data at present to perform the differentiat ion of a nonlinear function 

required in the analysis of the data. Instrument imperfections are reviewed briefly in the Appendix. 

INTRODUCTION 

There is currently a new interest in the study of normal stress differences in polymers. Theoretically, 

CURTISS and 51RD have extended their kinetic theory calculations to polymer melts I and rigid rod- 

l ike polymers in solution 2 with new results about the effect of molecular structure on the second 

normal stress difference. Experimentally, a truncated cone-and-plate (TCP) apparatus has been con- 

structed and tested by LODGE and HOU 3), which Is also investigating the hole pressure 4) inher- 

ent in some of the data analyses for the TPC apparatus. Computer methods are also being applied in 
5) the study of the hole pressure 

The measurement of the radial pressure distribution in the cone-and-plate (or parallel plate) rheometer 

is the only known method to give both f irst and normal stress differences from a single experiment. 

A combination of normal stress differences N I+2N 2 is obtained from the slope of pressure versus the 

logarithm of the radius, and the extrapolated rim pressure gives, in the absence of hole pressure, the 

second normal stress difference. An additional combination of normal stress dl f ferencesNl+N 2 can be 

derived from measurement of pressure at the center of the plate in the TCP apparatus. We report 

here normal stress diferences for a high-molecular-weight polyisobutylene solution in the TCP appar- 

atus, which are more accurate and extend over a larger temperature and shear-rate range than pre- 

viously achieved. Samples of the same polyisobutylene solution as reported here have been distributed 
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by Professor K. WALTERS, University College, Wales, to Professor R. I. TANNER, University of Sidney, 

Australia, and Professor E. B. CHRISTIANSEN~ University of Utah, iR order to encompass a wide variety 

of experimental techniques for measuring normal stress differences. Results of this joint measurement 

project wil l  be compared in the near future with the aim of establishing standard values of normal 

stress differences on a given liquid~ as well as of reviewing the experimental techniques available at 

present for measuring normal stress differences in polymeric liquids. 

THEORY 

Under certain assumptions about the liquid in the cone-and-plate gap and the state of flow, integr- 
6 

ation of the r-component of the stress equations of motion gives the result 

p(r,0) = p ( R , 0 ) - ( N l + 2 N 2 ) l n ( - ~ ) + p p  ( l )  and p(R,0) = - N 2 - P *  ( 2 )  

where p(r~0) is the pressure measured on the plate at radius r ~ for a cone angular velocity 0~ R is 

the plate radius, N 1 and N 2 are the f irst and second normal stress differences, and pp is the press- 

ure due to inertial forces, p~ is the hole pressure which arises due to the use of holes leading to 

chambers where pressure is measured by large diaphragm transducers. The shear rate is ~ = 0 / = ,  

where ~ is the cone angle. 

]t has usually been assumed that the inertial pressure pp for a viscoelastic liquid is the same as that 

for a Newtonian liquid, and is given by = 
pp = 0.I~ip02(r2-R2) ( 3 )  

where p is the liquid density. This assumption is valid for l ow-  and h igh-  elasticity liquids, when 

judged by its ability to generate the viscoelastic pressure distribution of equation ( I ) 3 

Secondary flow, which has the velocity components other than tangential, affects the validity of the 

equations above. Viscoelastic pressure due to secondary flow should be very small at all usable shear 

rates and cone angles, according to perturbation calculations and measurements with different cone 

angles 3 , 7  Viscoelastic perturbations to the hole pressure are also implicitly neglected. However, in- 

ert ial pressures are much more sensitive to secondary flow, and both pp and p* are affected. The 

perturbation of inertial pressures due to secondary flow in Newtonian liquids is the subject of current 

research and wil l  be presented elsewhere. In summary, as a generalization for equation ( 3 ), the inert- 

ial contribution becomes 
pp = A(Re)pO 2 [ ( r  2 - R  2 ) + B ( R e ) ( r  2 - R  2 ) 2 +  . . .  ] ( # )  

where Re =OR2/v is the Reynolds number, v is the kinematic viscosity, and A9 B, etc.~ are funct- 

ions to be determined experimentally. Similarly, a Newtonian hole pressure p*p appears as a result 

of secondary f low, but is zero otherwise. Further assumptions would be required to introduce the 

corresponding corrections for viscoelastic liquids. 

Secondary flow has not been taken into account in the analysis given below, where inertia is at 

most 10 % of the measured pressure, i t  is possible that accuracy could be improved by making second- 

ary flow corrections. 

Viscosity measurements are essential in order to apply equation ( # ) to the present data. Furthermore, 

the concept of the equivalent Newtonian liquid, i. e., a liquid with the same density and viscosity 

as the viscoelastic liquidt has not yet been tested in the cone-  and-  plate apparatus, although the 
# 

same idea appears to be successful in the data handling of the Newtonian hole pressure 
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8 
Measurement of the pressure Po at the center of the plate gives 

H I + N 2  = ~ [po - ( N I  + 2N2) In (7 - - ) ]  ( 5 )  
o 

where r o is the radius of the truncated cone apex. The final result, N I +N 2 , wi l l  contain errors 

in Po and N 1 +N 2 j and some means must be found to perform the di f ferent iat ion with respect 

to shear rate.  

Final ly, a theoretical equation relates hole pressure for circular holes to a combination of normal stress 

differences as follows ~ ; 
NI'N2 = 3p*edlnp+r In ~ (6) 

where a is the shear stress, and P*e = p. _ p~ , 

Shear rate - l x slope = N 1 + 2N2 [ Pa ] - 1 x intel'cept = N2 + p* [ Pa]  Correlation coeff ic ient 

[ s ' l ]  First run Last run % change First run Last run % change First run Last run 

1.071 11.7  . . . .  0 . 5 2  . . . .  0 ;99  - -  
3.395 30.9 30.2 2. I 2.2 1.8 19 0.99# 0.992 
10.712 69.9 6g.9 I .# 6.0 #.7 29 0.999.5 0.999# 
27.006  128 127 1.0  11.7  11.2 # .9  0 .9997 0.9998 
53.922 213 212 0 .~  22 .0  22.g 3.7 0.9999 0.9999 

107.10 386 379 2 .0  48 .9  46 .0  6 . 3  1. 0000 O. 9999 
21# .#g  752 7#2 1 .3  97 .9  97 .6  0 .3  1.0000 0 .9997 
269.79 - -  936 . . . .  117 . . . .  O. 9998 

insulation of all thermostated parts and a vapor shield consisting of a stainless steel ring sitt ing on 

the plate and enclosing the vert ical wall of the cone of height 15 mm~ with an air gap between the 

rotating cone and the stationary ring of 0.1 mm. This prevented evaporation of liquid and helped to-  

wards temperature homogeneity in the gap. Temperature control was achieved by means of thermo- 

stated water~ which was pumped separately to the cone~ the plate9 and the cone shaft. Temperatures 

were measured with an electronic thermometer calibrated against a cert i f ied glass thermometer.  All 

temperatures were accurate and steady to -+0.03 ~ C. The density of the solution at 20 o C was 8g# 

kg mol- l~ and the thermal expansion coeff ic ient in the range from 3.0 to #6.0 ~ C was g..56 x 10 -/~ 

~  ; both values were measured by di latometry.  

Pressures were measured by means of hole-mounted diaphragm capacitance transducers by the 

following procedure= (1) a f ter  the gap was f i l led wi th liquid at the run temperature~ the transducer 

diaphragms were restored approximately to their undeflected position by a counter -  pressure of air 

and zeroed electronical ly; (2) wi th the motor off~ the electronic baseline was read for each trans- 

ducer on a chart recorder; (3) wi th the motor in steady rotat ion and af ter  pressure equilibration~ 

the transducer diaphragms were restored to their stat ic position by means of a counterpressure of 

air~ monitored by the return of the electronic signals on the chart recorder to the static baselines. 

EXPERIMENTAL 

A 2 % w / v  solution of polyisobutylene (M w = #300 kg mol- l~ M w / M  n = 2) in a mixture of cis and 

trans decalJn (sample "DI"~ dated 3anuary 1983) was received from Professor K. WALTER59 Wales. 

Measurements at 20 ~ C were made on February 17~ J.983 ~ and on February 23~ 1983~ as shown in 

Table I .  Measurements at 3.0~ 30.0 and #6.0 ~ C were made between these dates. The apparatus and 

operating procedure have been carefuJy described elsewhere 3, The only additions were thermal 

Table 1. Comparison o~ slopes and intercepts of radial pressure distributions in TCP apparatus for 

measurements at 20 ~ C on 17 February 1993 (f i rst  run) and 23 February 1993 (last run). 
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The counterpressure of air was measured on a micromanometer, Steps 2 and 3 were repeated for each 

angular veloci ty,  once in the forward and once in the reverse direction. The reason for recording 

both senses of rotat ion is given in the Appendix. 

The l i l l ing of the gap with liquid was done as before by forcing the liquid slowly from a reservoir, 

through the bottom of the transducers, into the gap, by air pressure, but the original glass tubing 

and manifold were replaced by 2 - m m -  diameter s ta in less-steel  tubing, reducing the volume of 

liquid trapped in the tubing outside the gap from 40 cc to 10 cc.  The volume of liquid required to 

f i l l  the gap was 30 cc for the 3 ~ cone angle. I t  was possible, with some practice, to f i l l  the gap 

reproducibly to a point where the liquid would burst out of the gap i f  the plate were raised by l0 ~m. 

It  was not possible, as explained in the Appendix, to study the shape of the gap in the dynamic state. 

RESULTS A N D  DISCUSSION 

Viscoelastic pressure, defined as measured pressure minus the inert ial correction from equation ( 3 ), 

is plotted in Fig. I versus the logarithm of the radius for the f i rst  and last run with the polylso- 

butylene solution, both at 20.0 ~ C. Each pressure is measured twice,  once in the forward and 

once in the reverse direct ion, and the best straight line is drawn through the average of both senses 

of rotat ion by a least squares f i t .  The slopes and intercepts of these graphs are shown in Table I.  
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Figu re  1; Viscoe las t i c  p r e s su re  versus  loga -  

r i t hm of  t he  r ad ius  for  the  po ly i sobu ty lene  

so lu t ion  a t  20 ~ C .  Po in t s  a r e  p re s su re  mesu-  

r e m e n t s ,  c o r r e c t e d  fo r  i n e r t i a ,  t aken  once  in 

t he  f o r w a r d  and  once  in t he  r eve r s e  sense  of 

rotat ion.  Lines are linear least squares t i ts .  

a and b are runs made at the beginning and 

end of the measurements, c is an expansion 

of b in the edge region. 
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Figure 3: Shift factors required to reduce data 

from Fig. 2, versus temperature. Line is given 

WLF equation c l ~  = 2.79 and c2~ = 243.3. by 

Measurements at 3.0, 30.0, and 46.0 ~ C are similar to those of Fig. 1. The very good quality of the 

straight lines obtained in all the measurements attests to the degree of confidence which can be given 

to some of the assumptions about the experiment, in particular the inert ial correction given by ( 3 ) .  

The negative slopes from Fig. 1, which according to equation ( I ) give N 1 + 2N 2 , are plotted in Fig. 2 

versus shear rate, for the temperatures employed of 3.0, 20.0, 30.0, and 46.0 ~ C. The ordinate has 

been reduced in temperature and density according to 

To Po 2 
(NI  + 2N2)p = ~-- ( ~ - )  ( N I +  2N2) ( 7 )  

and the abscissas are shifted along the shear - rate scale to achieve superposition on the curve at 

the reference temperature of 293.2 K. The shift factors are plotted in Fig. 3 versus temperature, 

where the solid line is given by the WILLIAMS -LANDEL -FERRY equation 9= 

- c l ~  ( T -  T~ ( 8 )  

log a T = c 2 O + T , T  o 

This procedure9 known as t i m e -  temperature superposition~ which is usually applied to the storage 

modulus G' because of its origin in the frequency dependence of the glass transition temperature, 
6 is part ial ly justif ied in view of the exact relationship 

G' I N I (9) 
lira ~ = lira ~2 

co-O c ~  ~'--0 2 



261 

and the excel lent  degree to which the nontrivial line shapes are matched in Fig. 2 for each tem-  

values of Cl ~ = 2.8 and c2 ~ = 243.3 obtained Irom Fig. 3 are in reasonable perature,  The 

agreement  with the values of c l  ~ = g.~ and c2 ~ = 200.4 quoted for isobutylene in the standard 

reference 9. These values, being f ree volume parameters, are, however, ext remely sensitive to 

molecular structurep molecular weight ,  e tc .  

The second normal stress d i f ference obtained f rom the intercepts in Fig. 1~ according to equation 

( 2 ), with p* calculated f rom equation ( 6 ) assuming d In p * /d  in ~ = 1.$8, and N 1 + 2N 2 f rom 

Fig. 2, is presented in Fig. 4. Given the e f fec t ive  shear rate of 0.5 to 350 s " I  and the consist- 

ency of the measurements at al l  temperatures as seen in the reduced plot ,  we believe this 

is the most extensive and accurate measurement of  the second normal stress di f ference reported 

to date. The value d In p * / d  In = = 1.88 was obtained by P. P. TONG (Ph.D.  dissertat ion, Uni- 

versi ty of  Wisconsin-Madison, 1980) for  a similar solution consisting of 2.3 wt. % of  polyJso- 

butylene (5 200) in Exxon Pr imol.  We have used this as an inter im value unti l  we have made our 

own measurement of  this equation. 
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Figure 4: Second normal stress d i f ference 

obtained f rom intercepts of Fig. | and theo- 

ret ica l  equation ( 6 )  for  hole pressure) tem- 

perature and shif t  factors are the same as 

in Fig. 2. Points enclosed by a circ le were 

obtained f rom equation ( 5 ). 

0 100  200  300  

Figure~ 5: Plot of  the f u n c t i o n P o - ( N  1 + 2N2) 
In ~o against shear ra te .  The slopes of this plot 

give (N 1 +N2) .  Temperatures as in Fig. 2. Lines 

are smoothed functions through the data. 
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The TCP apparatus provides also N 1 +Nt~ from the pressure at the center of the plate, after 

differentiating the function Po-  (N1 + N2) I n T o  with respect to shear rate. This function is plotted 

in Fig. 5. Values of N 2 from the slopes of the smoothed functions are, over a good part of the range, 

in good agreement with those in Fig. 4; at intermediate shear rates, more points than presently avail- 

able are required due to the rapid change of slope in this region. Important tests of equation ( 6 )  

could be made from this method, although additional scatter from Po as well as N l + 2N 2 will be 

present in Fig. 5. The opposite conclusion reached by LODGE and HOU 3 is probably due to their 

use of a less elastic solution than presently employed. Alternatively, the total thrust under the 

truncated cone would give directly another combination of normal stress differences without dif-  

ferentiation of the data. Such an idea is under consideration in future developments of the TCP appa- 

ratus. 

CONCLUSIONS 

1. The slopes of lines representing viscoelastic pressure versus log radius can be measured in the 

temperature range 3 to 46 ~ C and shear rate 1 to 270 s "1 within a scatter of J % for a visco- 

elastic fluid. 

2. The t ime-  temperature superposition principle can be applied to normal stress differences as 

judged by accurate matching of the nontrivial line shapes and strict adherence to a WLF equation. 

3. The second normal stress difference obtained from extrapolation to rim pressure can be measured 
-1 with a scatter of less than I0 % in a shear - rate range of 0.5 to 350 s 

4. Assumptions about inert ia, secondary f low, boundary conditions, etc. ,  appear to be correct 

over the temperature and shear - rate ranges studied. 

5. Provided a large number of measurements were made for accurate determination of the slope of 

a nonlinear function, important conclusions about hole pressure in the TCP apparatus could be 

reached. 

6. Viscosity and, hopefuJy, zero-shear  viscosity, as well as molecular weight and concentration 

effects, should be studied in order to obtain molecular parameters to test models. 

7. Certain instrument imperfections mentioned in the Appendix require attention before more ac- 

curate measurements can be attempted and the shape of the free boundary be photographed and 

analyzed. 
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APP EN DIX 

The following instrument imperfections are known to affect the quality of the data from the TCP 

apparatus: 

1. It is well known, since the pioneering studies of ADAMS and LODGE 7 that alignment of the 

plate with respect to the cone axis must be achieved to a high degree of perfection Jn order to 

avoid converging and diverging fields on the plate that generate large pressures which change sign 
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with the sense ol rotation. Alignment is greatly facilitated in the TCP apparatus by a kinematic 

mounting of the plate which consists of loading the plate by three stiff springs against three 

pins adjusted in height so that a constant gap between a capacitance transducer mounted at the 

edge o[ and rotating with the cone, and the plate can be as nearly as possible realized. The 

r~easured gap between the transducer and ~he plate ~s given in Fig, A l ,  where ~he presence of 

a ~-pm furrow is clearly seen. Further lapping of the plate is required to remove this imper- 

fection in order to achieve optimum alignment~ this is especially important at lower viscosity, 

possibly due to the time constant ot the liquid being sutticiently small to accomodate rapid 

change in the llow conditions, 
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Figure A l :  Plate level map obtained with 

capacitance transducer mounted at the edge 

ol the cone and rotating with i t .  Curvature is 

due to alignment, but position and depth ot 

furrpw are independent of alignment. 

Figure A 2: Axial bearing movement moni- 

tored by capacitance transducer placed at the 

center of the plate with cone apex as second 

electrode. 

2. By placing the capacitance gauge at the center of the plate) with the cone truncation as a second 

electrode, the axial movement of the cone can be detected, as shown in Fig. A 2. This effect im- 

poses oscillations in the baseline of the measurements and is currently studied quantitatively. 

3. A lateral motion of the liquid in the gap) which increases with shear rate and eventually tin, its the 

shear rate attainable, is believed to be due to an eccentricity of the cone outer surface with respect 

to its axis. Work is in progress to remove this defect by machining in situ the vertical wail of the cone. 
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